We investigate the adhesion of vesicles, under the influence of a contact potential, to substrates with various geometry. For axisymmetric configurations, we find that the transition from a free vesicle to a bound state depends significantly on the substrate shape. In general, the critical values of the contact potential at which these transitions take place are lower for a concave-shaped substrate than that for a flat-shaped substrate investigated in earlier studies. We observe that the transitions happen at higher critical values of the contact potential when the substrate is convex and illustrate how these critical values depend on the curvature of the substrate. In addition, we construct an approximate analytical solution that predicts the shape of the vesicle for large internal excess pressure and contact potential. The analytical solution leads to an inequality that relates the surface tension with the contact potential.
I. INTRODUCTION
Adhesion is a key mechanism for the survival of many cells and organism, and it occurs ubiquitously in nature. Biological processes such as endocytosis, exocytosis, cell crawling, and locomotion, through which a cell communicates with and responds to the surrounding environment, are influenced by adhesion ͓1͔. Efficient drug delivery has enormous impact in biotechnology, and it crucially depends on adhesion of a vesicle membrane to a target plasma membrane. Biosensor applications also require binding of membrane to a substrate ͓2-5͔. It is now established that stem cells differentiate into various cell types including neurons, myoblasts, and osteoblasts depending on the stiffness of the elastic substrate that they adhere to ͓6͔. The cytoskeletal network within the cell provides the key mechanism for the adhesion to a substrate and senses the stiffness of the substrates ͓1,7,8͔. Meanwhile, tissue or matrix microenvironments are known to influence adhesion and the cytoskeleton including cell shape and proliferation ͓1,8-13͔. Moreover, investigations of adhesion and cell mechanics using techniques such as the atomic force microscopy ͑AFM͒ show that the mechanical properties of the cell membrane also play important roles ͓14͔.
In this work, we study the adhesion of giant unilamellar vesicles ͑GUVs͒ to elucidate the role of membranes played in adhesion. GUVs are lipid bilayer vesicles with sizes in the micrometer range and a few nanometers of thickness and can be treated as two-dimensional surfaces in a threedimensional space ͓15͔. Lipid bilayer vesicles are closed membranes that form spontaneously in an aqueous environment under suitable conditions and represent a simplest model for the cell membrane without the complexity of membrane-bound proteins ͓2͔. They can be studied using a variety of experimental techniques ͓16-21͔. The membranes are assumed to be laterally incompressible, with their shapes controlled mainly by the bending elastic energy. This is because the area compression modulus is much larger than the bending stiffness of the membranes ͓22-25͔.
Most of the existing theoretical studies of adhesion are for flat substrates ͓15,26-31͔. However, in many applications, substrates are not planar, but rather spatially and/or chemically patterned ͓4,32͔. Cells and liposomes for drug delivery and other biotechnology applications frequently encounter substrates that are not flat. Despite this, little theoretical investigation on vesicle or cell adhesion on patterned substrates exists. There have been studies on adhesion of supported membranes to a structured substrates ͓3,4͔ where the supported membranes are obtained by spreading bilayers on a substrate or by transferring lipid monolayers using a Langmuir-Blodgett technique ͓5͔.
Recently, Shi et al. ͓33, 34͔ developed and investigated a two-dimensional model for vesicle adhesion. They considered the vesicle as a contour of constant length L and found that the force displacement relationship of the vesicle and the maximum pull-off force depend on the substrate shape. Other theoretical and experimental studies on curved substrates consider binding of a vesicle membrane to micro-or nanoparticles or colloids ͓35-39͔. In these works, the substrate particles are spheres and the characteristic substrate radius is much smaller than the radii of the vesicles.
We hereby investigate the adhesion of a three-dimensional vesicle to curved substrates, where the curvature of the substrates is comparable to the curvature of the vesicles. We consider strongly adhering giant vesicles or cells. In such a regime, when the substrate is flat, the vesicle membrane is separated from the substrate by a layer of water or polymer of thickness of a few nanometers ͓3,5͔. The typical size of a vesicle or a cell varies between 0.1 and a few hundred micrometers. Consequently, the interaction potential for the adhesion between the membrane and the substrate can be con-sidered as a contact potential ͓5,26͔. When the curvature of the substrate is comparable to the vesicle or cell size, this still remains the case. For weakly adhering vesicles or membranes, reflection interference contrast microscopy studies show that the separation distance is a few tens of nanometers or more ͓5͔. Undulation forces due to thermal fluctuations of the bilayer can play an important role in controlling the adhesion in this regime ͓5͔. Moreover, the interaction potential varies as a function of the distance between the membrane and the substrate. We do not consider this situation in our current study.
We focus on axisymmetric deformations of the vesicles when the substrate has either a concave or a convex spherical shape. In the limit when the contact potential and the internal excess pressure are large compared to the bending stiffness of the membranes, we carry out a boundary layer analysis of the adhered shapes. A similar analysis has been conducted for free vesicles with two coexisting fluid phases in ͓40,41͔. When the pressure and the contact potential are not large, there are no analytical solutions for the shapes; we thus solve the equations numerically. The numerical solutions lead to a phase diagram for bound-unbound transitions. These transitions were first investigated by Seifert and Lipowsky ͓26͔ and, subsequently, by Seifert ͓27͔ for two-dimensional vesicles and by Smith et al. ͓29͔ in the study of the effect of pulling forces.
The analytical solution constructed here predicts that the shape of the vesicle is close to a truncated sphere ͑outer sphere͒, except in the region close to the contact point where the tangent angle and the meridional curvature change rapidly. The region of rapid change forms a boundary layer. An inequality is found to relate the radius of the outer sphere with the contact potential normalized by the pressure. This, in turn, relates the surface tension with the contact potential. The bound and unbound transitions that we obtain are qualitatively similar, for most part, to that discussed in ͓26͔. We also find a few other transition lines. Moreover, we observe that the critical values of the contact potential at which these transitions occur depend strongly on the substrate radius and the type of substrate ͑i.e., concave or convex͒. The concave substrates exert influence in favor of bound states, whereas the convex ones exhibit higher values of contact potential for which first bound states are observed. Figure 1 shows a schematic of the closed axisymmetric vesicle adhered to substrates that we consider in the present work. In this simple, but very useful model, the fluid membrane is in contact with a rigid substrate in the shape of a spherical cap. During adhesion, the membrane segment of a bound vesicle interacts with the substrate wall and can experience a variety of intramolecular forces. These interactions are modeled by an effective contact potential W ͓26͔.
II. VESICLES UNDERGOING ADHESION
For a laterally incompressible fluid bilayer, with inner and outer monolayers indistinguishable and the long axis of the lipid molecules oriented along the direction normal to the membrane surface, the bending free energy per unit area has the form f b = f b ͑H 2 , K͒, where H = ͑c 1 + c 2 ͒ / 2 and K = c 1 c 2 are, respectively, the mean and Gaussian curvatures of the membrane with c 1 and c 2 being the principal curvatures. One simple form of f b is
where and g are the bending stiffnesses corresponding to the mean and Gaussian curvatures, respectively, and c 0 is the spontaneous curvature ͓15,42-44͔. This is the spontaneous curvature model. Other mechanical models that have been used to describe the shapes of vesicles and red blood cells are the bilayer couple model and the area difference elasticity model ͓45-48͔. The total bending energy is obtained by integrating f b over the entire membrane area. For a homogeneous vesicle with spherical topology, the integral of the Gaussian curvature is constant and the Gaussian curvature stiffness g does not play a role. However, for a phaseseparated membrane, g does influence the shape through the jump conditions that relate the bulk equilibrium equations at the interface between the phases, provided it is different in the different phases ͓17,49͔. For the current study we only consider zero spontaneous curvature ͑c 0 =0͒. With these, the free energy of the vesicle has the form
In the above, ⌫ denotes the free surface, A is the total surface area of the vesicle, V is the volume enclosed by the vesicle, A c is the surface area of the vesicle that is in contact with the substrate, and ⌺ and P are the Lagrange multipliers for the area and volume constraints, respectively. If the volume of the vesicle is allowed to change by an osmotic pressure difference between the inside and outside of the vesicle, then P denotes this difference-i.e., P = P ext − P int . Similarly, when the area A is allowed to change, ⌺ denotes the surface tension in the membrane. Upon minimizing the free energy ͑2͒ we obtain the shape equation for the free surface of the vesicle. For an axisymmetric shape, the equation is ͑Color online͒ Schematic of adhered vesicles when the substrate is ͑a͒ concave and ͑b͒ convex. R sub is the substrate radius, is the tangent angle measured from horizontal, and s is the arclength measured from the contact point.
where the prime denotes the derivative with respect to the arclength. When the lengths are made dimensionless by a linear size = ͱ A / 4, we obtain h = H and k = 2 K. Also, p = P 3 / and = ⌺ 2 / . Rescaling of lengths by fixes the area to be 4, and is determined as a Lagrange multiplier. Equation ͑3͒ is the same as the one obtained for a free vesicle without the adhesion ͓42,50͔ and with zero spontaneous curvature. The other equations obtained from the geometry of an axisymmetric deformation are
The boundary condition at the line where the vesicle first makes contact with the substrate is given by C 1 * = ͱ 2W / + C w * , where C 1 * and C w * are the meridional curvatures of the vesicle and the substrates, respectively ͓26,51͔. In the scaled mean curvature this condition becomes
with w = W 2 / and c w * = C w * . The quantities * and r * are, respectively, the tangent angle and the distance from the axis of symmetry at the contact line. Note that the resistance to changes in the Gauss curvature g does not appear in the boundary condition. If the vesicle remains intact, the tangent angle must be continuous at the contact line ͓26,51͔. Then it can be shown that, due to the Gauss-Bonnet theorem, g does not play a role because there is no discontinuity in the geodesic curvature of the membrane at the contact line ͓51͔. The condition at the contact line for a more general form of the membrane free energy density and nonrigid substrates and a simple argument showing how the Gaussian curvature stiffness drops out of this condition can be found in ͓52͔. The boundary conditions at the top s = ŝ, where ŝ is an unknown parameter, are
As shown in Fig. 1 , for a spherical substrate of radius R sub , the boundary conditions at the line of contact, s = 0, are
and
where ⑀ equals 1 for concave substrate and −1 for convex substrate. The quantity * is also an unknown parameter that we solve for, and ŝ is determined from the area constraint
where A c =2R sub 2 ͑1 − cos * ͒. In the following, we present a boundary layer analysis for the shape in the regime of large and negative ͑inner excess͒ pressure.
III. BOUNDARY LAYER ANALYSIS FOR THE SHAPE OF ADHERED VESICLES
When the dimensionless internal excess pressure and the contact potential are large-i.e., the bending effect is smallthe overall vesicle shape is similar to the one given by the Laplace-Young equation for a soap film. This solution leads to a discontinuity in the tangent angle at the contact point which gives unbounded bending energy. For nonzero bending, this discontinuity is replaced by a region near the contact point where the curvature changes rapidly. This region gives rise to the boundary layer ͓53͔. Boundary layer analyses for two-phase lipid vesicles are described in ͓40,41͔. Here, we employ a similar approach.
We define a small parameter
For small, Eq. ͑3͒ becomes
where ϵ −2 / p. The other equations given in Eqs. ͑4͒ remain unchanged. In the following, we present the boundary layer analysis at the lowest order. As mentioned previously, w determines the curvature h at the contact point. When w is comparable to p, the mean curvature is large. Consequently, for the inner layer we scale s and h as = s/, h = H/.
Then and H are, respectively, the stretched arclength and the scaled mean curvature. In terms of the scaled variables, the shape equations are
where the overdot denotes a derivative with respect to . Due to the above scaling of h, to obtain the order-1 term in h in the inner layer, it is necessary to consider the equation for H at the order . Consequently, we expand H as H = H 0 + H 1 and = 0 + 1 . It is not necessary to expand other variables to order ͓41͔. The boundary conditions for H 0 and H 1 are obtained from Eq. ͑9͒ as
with w * = w / p and ⑀ as defined earlier.
The mean curvature h in the inner layer, up to order 1, is then given by ͑see ͓41͔ for details͒
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where ⌼ and T are the undetermined constants for H 0 and H 1 which are to be determined from the corresponding boundary conditions M = cos͓ * − arctan͑sinh ⌼͔͒ / 2, N = sin͓ * − arctan͑sinh ⌼͔͒, and = ͱ 0 + ⌼. The quantity * is to be determined as well. The outer solution is the one that describes the shape away from the contact point. In this region all the variables are order 1. However, to maintain consistency with the inner layer we take the expansion = 0 + 1 . The outer solution is given by a spherical cap of radius and at the lowest order:
where ẑ is the value of the height z at s = ŝ. Note that, at this point, the value of 1 does not appear at the lowest order. This implies that we cannot solve for 1 from this lowestorder analysis. Next, we carry out an asymptotic matching of the outer and inner layer expressions. For asymptotic matching, we make the inner and outer solutions agree in an intermediate region ͓53͔. To obtain expressions for the inner layer in an intermediate region, we let go to ϱ. After the substitution s = the outer-layer solutions are expanded in powers of . The corresponding order-1 terms resulting from the inner and outer solutions are equated after taking the limits. The matching of h is identically satisfied, while the matching of , r, and z and the conservation of total area give
⑀R sub sin * = 0 sin ŝ 0 , ͑11͒
From the boundary condition for H 0 we obtain sech ⌼ = ͱ − w * / 0 .
͑14͒
Combining Eqs. ͑10͒ and ͑14͒ and, subsequently, using Eqs. ͑11͒ and ͑13͒, we get
This gives a bound for w * as − 0 Յ w * Յ 0 or, equivalently, 2 Ն w Ն 0, which gives a relation between the surface tension and the contact potential for bound vesicles.
Obtaining an analytical solution for Eqs. ͑10͒-͑14͒ is difficult. We compute the numerical solutions for ⌼, 0 , * , ŝ, and ẑ instead, using the MATLAB function FSOLVE. Finally, the composite solution, valid in the entire region, is obtained via composite solution = inner + outer − matching and takes on the form
and the composite solution for h is given by the corresponding inner solution. The composite solutions at the lowest order for r and z are their corresponding outer-layer solutions. The vesicle shape determined from this solution resembles that for the outer. A discontinuity of the tangent angle at the contact point is observed; note, however, that this is not the case in the actual shape. To avoid this apparent contradiction, we carry out the boundary-layer analysis up to one higher order ͑i.e., order ͒. The analysis follows straightforwardly from that given in ͓41͔ and is omitted here.
In Fig. 2 , we show the shapes of vesicles obtained from the boundary-layer analysis up to order , superimposed with numerical solutions. The parameter values used are given in the caption along with the value of the tangent angle * at the contact point, obtained analytically and numerically. The agreement between the numerical and analytical shapes is very good in all the cases. When w is not large-i.e., order 1-h is also order 1 in the inner layer and the rescaling of h is not necessary. In that case, it can be shown, using asymptotic matching at the lowest order, that * = 0. This implies r * = z * = 0. Then the shape resembles a free sphere. Again using a numerical solution, we observe nonspherical bound shapes above a critical value of w. In the following, we describe bound shapes and the bound-unbound transition of shapes using numerical solutions when the pressure and the contact potential are not large compared to the bending stiffness of the vesicle. In this regime, the shape equations are analytically intractable.
IV. ADHERED SHAPES AND THEIR TRANSITIONS
We solve Eqs. ͑3͒ and ͑4͒ with boundary conditions ͑6͒-͑9͒ numerically using the MATLAB boundary value problem solver BVP4C. For free vesicles, the sphere is always a solution for any pressure p. However, nontrivial shapes arise as a result of bifurcation for p =2l͑l +1͒, where l is a positive integer larger than unity ͓43͔. Some representative shapes, generated via numerical solution of the shape equations and adhered to the substrate, are shown in Fig. 3 .
In the context of free vesicles, the shapes in Figs. 3͑a͒ and 3͑b͒ are oblate and they correspond to nontrivial solutions on the bifurcation branch at p =12 + . The shapes in Figs. 3͑c͒ and 3͑d͒ are nontrivial solutions for free vesicles on the bifurcation branch at p =24 − ͓43͔. We note that, due to a different scaling, the values of p in our study and those of ͓26͔ correspond to twice of those in ͓43͔.
In Figs. 4 and 5 we present the phase behavior of the bound-unbound transition in the w-p parameter space for concave and convex substrates, respectively. The transition depends strongly on the type of substrate and the substrate radius. When the substrate is flat for p Ͻ 4, a continuous transition occurs from bound state to free vesicle at w =2 ͓26͔. For the adhesion of two-dimensional vesicles to a flat substrate Seifert ͓27͔ observed that at the critical transition value of w, the circle is a solution with r * = 0. In our study, we find that for w =2͑1−1/ R sub ͒ 2 for concave substrates and w =2͑1+1/ R sub ͒ 2 for convex substrates, with R sub being the substrate radius, the unit sphere satisfies the boundary condition ͑5͒ with r * = 0. Thus the unit sphere is a solution to the shape equations and the boundary conditions and a continu- ous transition occurs from bound state to free vesicle for the above-mentioned values of w. We also verified these critical transition values using numerical solutions. This is also the case for all values of p larger than 4; however, a sphere does not give a shape with minimum energy, and other nonspherical shapes are realized.
Rewriting the critical transition value for convex substrates in terms of the quantities with dimension we get
where is the linear size of the vesicle and sub is the substrate radius before scaling. When the vesicle is large compared to the substrate, is significantly larger than sub ; we obtain W =2 / sub 2 . That is, the contact potential exactly matches the bending energy density in the limit. This was observed earlier by Deserno ͓39͔ for a tensionless membrane binding to colloid particles.
The other transition lines do not follow such a simple relation. We obtain those using the numerical solutions of adhered shapes. The branch b 1 is for p Յ 4, and a continuous transition from bound vesicles to free spheres occurs when w crosses 0.5 for concave and 4.5 for convex substrates, respectively.
For p Ͼ 4, the horizontal dashed line denotes this transition. A discontinuous transition from bound to free oblate shapes occurs across branch b 2 . Bound and free oblate vesicles coexist along this line. Bound prolate shapes exist and are stable in the region enclosed by the curves b 3 , b 4 , and b 5 . Discontinuous transitions from bound prolate shapes to free prolate shapes and other bound shapes take place along these lines. However, the free prolate shapes along b 5 have higher energy than a free sphere.
The curves b 3 and b 5 meet at ͑p , w͒ = ͑12, 0.5͒ for concave substrates and ͑12, 4.5͒ for convex substrates ͑see the insets in Figs. 4 and 5͒. At this point, a continuous transition from bound prolate shapes to bound oblate shapes takes place as w is decreased and p is kept fixed at 12. Across the dash-dotted line at p Ϸ 11.4, a discontinuous transition from sphere to prolate shapes occurs for free vesicles. The curves b 1 and b 2 are similar to those observed by Seifert and Lipowsky ͓26͔ for flat substrates. We have also verified that the phase diagrams presented here look qualitatively similar for flat substrates, and we do not observe the branch D a pr for discontinuous transitions for the prolate shapes presented in Fig. 2 of  ͓26͔ . The values of w at the transitions are, in general, larger for convex substrates than those for concave substrates for any specified p, which means that the concave substrates favor bound states, whereas convex ones are less favorable to adhesion.
When the substrate is axisymmetric but not spherical, the condition ͑5͒ at the contact line is still valid. The contact area A c will have a form different from that mentioned for spherical substrates. The solution of the shape equations can be obtained in a way similar to that for spherical substrates. However, the stability of the solution can crucially depend on the substrate shape. For example, when the substrate is convex with a large curvature at the tip ͑e.g., a paraboloid͒, the contact potential required to bind to the tip will be large. It is more likely that the vesicle will break the symmetry and adhere to the side of the substrate away from the tip where it has smaller curvature. A situation like this cannot be investigated using an axisymmetric analysis. A spherical substrate has the same curvature everywhere, and this difficulty does not arise.
V. CONCLUSION
In this work, the adhesion of vesicles on curved substrates is studied. In the strong adhesion regime, with a contact potential, the substrate shape influences the critical values of the contact potential at which bound-unbound transitions occur. It is observed, in general, that concave substrates favor bound states more than convex substrates. This feature will allow the design of efficient manipulators of cells and liposomes. The strength of the vesicle and substrate interaction will determine the optimal shape for such manipulators. Conversely, a predetermined shape of the substrate will determine the optimal strength of the interaction. This, in turn, will determine the concentration and distribution of the adhesive elements on the substrate. We also obtain an approximate analytical solution for the bound vesicle shapes when the internal excess pressure and the contact potential are large compared to the bending stiffness of the membranes. In this regime, the shape is close to a spherical cap except in a small region near the contact line. The analytical solution delivers an inequality that relates the radius of the overall spherical shape and the ratio of the contact potential to pressure. We derive an equivalent inequality involving the surface tension and the contact potential.
Our current study is focused on the strong adhesion and axisymmetric geometry where the substrate is spherical. However, in real applications the situations can be different. In the weak adhesion regime fluctuations of the vesicle shape due to thermal excitation will play an important role. Then an entropic contribution to the free energy should be considered. This will increase the tendency of the vesicle to unbind ͓26͔. An adhesion potential which is a function of the distance between the membrane and the substrate should be considered in such a case. Moreover, the substrate can have patterns that are not axisymmetric and the vesicle or cell can have nonaxisymmetric shapes. In our future work, we will address the distance-dependent adhesion potential by considering various forms of contact potential available in literature ͓27,30,54͔. A more complex and nonaxisymmetric substrate geometry will also be considered via a phase field model previously developed for the study of free vesicle deformation ͓55-57͔.
